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Abstract
We give a new de*nition of admissible representations which allows to handle also non
countably-based topological spaces in the framework of Type-2 Theory of E.ectivity. We prove
that admissible representations X; Y of topological spaces X;Y have the desirable property
that every partial function f :⊆ X → Y is continuously realizable with respect to X; Y if and
only if f is sequentially continuous. Furthermore, we characterize the class of the spaces having
an admissible representation. Many interesting operators creating new topological spaces from
old ones are shown to preserve the property of having an admissible representation. In particular,
the class of sequential spaces with admissible representations turns out to be cartesian-closed.
Thus, a reasonable computability theory is possible on important non countably-based spaces.
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1. Introduction
Type-2 Theory of E.ectivity (TTE) (cf. [4, 7–10]) supplies a computational frame-
work for uncountable sets which are equipped with a natural topology. The main idea
is to represent the objects of a given topological space X=(X; X) with cardinality of
the continuum by sequences of symbols of a *nite or countable in*nite alphabet .
The actual computation is executed on these names. The corresponding partial surjec-
tion 1  :⊆!→X mapping every name p∈ dom() to the encoded element is called
a representation of X.
Computability for functions f :⊆X1× · · · ×Xk →Xk+1 is introduced as follows: If
i :⊆!→Xi is a representation of the space Xi =(Xi; Xi) for i∈{1; : : : ; k+1}, then f
is said to be computable with respect to these representations i. there is a computable
function  :⊆ (!)k →! which maps every name of every argument to a name of
E-mail address: matthias.schroeder@fernuni-hagen.de (M. Schr'oder).
1! := {p :N→} denotes the set of sequences over :f :⊆A→B indicates that f is a partial function
with a domain dom(f)⊆A which does not necessarily equal A.
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the corresponding result, i.e.
k+1((p1; : : : ; pk)) = f(1(p1); : : : ; k(pk)) (1)
holds for every (p1; : : : ; pk)∈ dom(f ◦ (1× · · · × k)). For functions on ! com-
putability is de*ned as usual via computable isotone word-functions g : (∗)k →∗
(see Section 1.1), or, equivalently, via Type-2 machines. Using the binary signed digit
representation of R (see Example 2), we obtain a computational model for the real
numbers which is essentially equivalent to the ones considered by other authors like
Grzegorcyzk [2], Pour-El and Richards [5], Ker-I Ko [3] or Stoltenberg-Hansen and
Tucker in [6].
The natural question arises which representations of a space lead to a reasonable
computability theory on that space. In order to answer this question, it turns out to
be useful to consider two di.erent kinds of e.ectivity properties of a representation,
the topological ones and the purely computable ones, because in many cases a rep-
resentation is unsuitable simply by topological reasons. For example, real addition is
not computable w.r.t. the ordinary decimal representation, because it is not contin-
uously realizable w.r.t. that representation. A function f :⊆X1× · · · ×Xk →Xk+1 is
said to be continuously realizable w.r.t. 1; : : : ; k+1 i. there is a continuous func-
tion  :⊆ (!)k →! which realizes f, i.e. satis*es Eq. (1). Since every computable
function  :⊆ (!)k →! is continuous w.r.t. the Cantor topology on !, computable
realizability implies continuous realizability. Thus continuous realizability can be con-
sidered as a topological generalization of computability. In this paper, we will only
deal with continuous realizability.
It seems to be reasonable to demand of the used representations 1; : : : ; k+1 to guar-
antee continuous realizability of all continuous functions f :⊆X1× · · · ×Xk →Xk+1.
This property is satis*ed by admissible representations (see Section 2). K. Weihrauch
showed that all countably-based T0-spaces (cf. Section 1.1) have representations with
this property (cf. [4, 7–10]). We prove that a strictly larger class of topological spaces
have admissible representations.
In Section 2 we de*ne the class of admissible representations of a given topo-
logical space X and show that admissible representations indeed satisfy the above
requirement. Our notion of admissibility extends the one in [4, 7–10] which only ap-
plies to representations of countably-based spaces. In Section 3 the class AR of the
spaces equipped with an admissible representation is characterized as the class of those
T0-spaces that have a countable pseudobase. In Section 4 we consider some operations
on topological spaces which preserve the existence of an admissible representation, for
example cartesian product and exponentiation. The class ARS of sequential spaces with
admissible representations turns out to be cartesian-closed.
1.1. Preliminaries
In the following, let  be a *nite or countably in*nite alphabet with at least two
elements. For a∈, u; v∈∗, W ⊆∗, p;p′ ∈! and n∈N we denote by
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an the word consisting of n symbols a;
a! the sequence q with q(i)= a for every i∈N;
p¡n the pre*x of length n of p, i.e. the word p(0)p(1) : : : p(n− 1);
lg(u) the length of the word u;

 the pre*x-relation on ∗ ∪!, i.e. u 
 v :⇔ (∃w∈∗)uw= v,
u 
 p :⇔ (∃j∈N)u=p¡j, p 
 u and p 
 p′ :⇔ p=p′;
up the sequence q with pre*x u followed by p,
i.e. q¡lg(u) = u and q(i + lg(u))=p(i) for all i∈N;
u! the set {q∈! | u 
 q};
W! the set {q∈! | (∃w∈W )w 
 q}.
A function g : (∗)k →∗ is said to be isotone i.
(u1 
 v1) ∧ · · · ∧ (uk 
 vk) implies g(u1; : : : ; uk) 
 g(v1; : : : ; vk)
for all words u1; v1; : : : ; uk ; vk ∈∗. If g : (∗)k →∗ is isotone, then we denote by g!
the function g! :⊆ (!)k →! which is de*ned by dom(g!) := {(p1; : : : ; pk)∈ (!)k |
{g(p¡n1 ; : : : ; p¡nk ) | n∈N} is in*nite} and
g!(p1; : : : ; pk) := that sequence q ∈ ! with (∀n)g(p¡n1 ; : : : ; p¡nk ) 
 q
for all (p1; : : : ; pk)∈ dom(g!).
We call a function  :⊆ (!)k →! computable i. there is a computable isotone
function g : (∗)k →∗ with g! =, where computability in the case =Z is de*ned
via a canonical (e.ective) numbering Z∗ :N→Z∗ of Z∗.
In the whole paper, we assume that the set ! is equipped with the Cantor topology
! := {W! |W ⊆∗} which is induced by the countable base {w! |w∈∗}.
Let X=(X; X) and Y=(Y; Y) be topological spaces. A base B of X is a subset
of X such that every set O∈ X is the union of certain sets in B. A countably-based
(or second-countable) space is a topological space with a countable base. X is called
a T0-space i. x =y implies {O∈ X| x∈O} = {O∈ X|y∈O} for all x; y∈X . We say
that a sequence (yn)n of elements of X is eventually in a subset M ⊆X i. there is
some n0 ∈N such that yn ∈M for all n ¿ n0. The sequence (yn)n converges in X to
a point x∈X i. (yn)n is eventually in O for all open sets O containing x. A partial
function f :⊆X →Y is (topologically) continuous with respect to X and Y i. for
every open set V ∈ Y there is an open set U ∈ X with f−1(V )=U ∩ dom(f). f is
said to be sequentially continuous with respect to X and Y i. for all x∈ dom(f)
and all sequences (yn)n in dom(f) converging to x the sequence (f(yn))n converges
to f(x). Continuity implies sequential continuity. The converse is only true in special
cases, for example if X is a countably-based space or if f is total and X is a sequential
space (cf. [1, Section 1:6]). A topological space is sequential i. all its sequentially
open subsets (cf. Section 2.4) are open.
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2. Admissible representations
In this section, we introduce the class of admissible representations and compare our
notion of admissibility with the one in [4, 7–10]. We prove that continuous realizability
of a function f with respect to admissible representations is equivalent to sequential
continuity of f. Furthermore, we investigate the *nal topology of an admissible rep-
resentation and its relationship with the topology of the represented space.
2.1. The de7nition of admissible representations
Let X=(X; X) be a topological space, and let X :⊆!→X be a representation
of X. For every p∈ dom(X) and every n∈N, each element yn ∈ X(p¡n!) can be
considered as an “approximation” of X(p). If X is continuous with respect to the
Cantor topology on ! and X, then this is true in the topological sense, because in
this case such a sequence (yn)n converges to X(p) in the space X. Thus it is quite
natural to demand the continuity of X.
On the other hand, our aim is to have a representation X such that at least every
continuous function " :⊆!→X is continuously realizable w.r.t. the identical rep-
resentation id! of ! and X. This requirement implies that " is continuously re-
ducible to X (denoted by "6t X) which means the existence of a continuous function
G :⊆!→! such that "(p)= X(G(p)) holds for all p∈ dom(").
These considerations lead to the following de*nition.
Denition 1 (Admissible representations). Let X=(X; X) be a topological space,
and let  :⊆!→X be a representation of X .
(1)  is said to be an admissible representation of the space X i.  is continuous
and every continuous function " :⊆!→X is continuously reducible to  (where
continuity of  and " means continuity w.r.t. the Cantor topology ! and X).
(2) Let  be a topology on X .
Then  is said to be -admissible or admissible with respect to  i.  is an
admissible representation of the topological space (X; ).
The property of an admissible representation  that every continuous function
" :⊆!→X is continuously reducible to  is called the universal property of . An
admissible representation can be considered to be complete with respect to 6t in the
set of all continuous representations of X.
Two representations 1; 2 :⊆!→X of X are called continuously equivalent
(1 ≡t 2 for short) i. they are continuously reducible to each other, i.e. i. 16t 26t 1
holds. One can easily prove that if  :⊆!→X is an admissible representation of X
then we have
$ is admissible with respect to X ⇔ $ ≡t  (2)
for any further representation $ :⊆!→X of X .
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2.2. Comparison with the classical de7nition of admissibility
In [8–10], a representation $ :⊆!→X of a countably-based T0-space X=(X; X) is
de*ned to be admissible i. $ is continuously equivalent to a standard representation
(X;%; ) of X which is derived from a notation  :⊆∗→ % of a subbase % of the
space X (in [4, 7] a numbering  :⊆N→ & of base & of X is used). As an important
property, it is shown that the standard representation (X;%; ) is continuous and satis*es
the universal property. Thus (X;%; ) is admissible in the sense of De*nition 1. From
equivalence (2) it follows that every representation $ of the countably-based T0-space
X is admissible in the classical sense if and only if it is admissible in the sense of
De*nition 1.
We give now two examples of topological spaces with admissible representations.
Example 2. De*ne the binary signed digit representation %R :⊆Z!→R of the real
numbers over the alphabet Z by
%R(p) := p(0) +
∞∑
i=1
(
1
2
)i
· p(i)
for all p∈ dom(%R) := {q∈Z! | (∀i ¿ 1) q(i)∈{−1; 0; 1}}. Similar as in [8–10], this
representation can be proven to be admissible in the classical sense with respect to the
usual euclidean topology R. Thus %R is an admissible representation of (R; R) in the
sense of De*nition 1.
On the other hand, the ordinary decimal representation dec of the real numbers
using the alphabet {0; : : : ; 9; --;∗} is continuous, but not R-admissible by Theorem 4,
because real addition is not continuously realizable with respect to dec. Conversely,
the representation $ :⊆Z!→R de*ned by
$(p) :=
∞∑
i=0
(
1
2
)i
· p(i)
for all p∈ dom($) := {q∈Z! | ∑∞i=0( 12 )i · q(i) converges} has the universal property,
because $ is an extension of %R, but is not continuous.
The next example shows that there are non-countably-based spaces which have an
admissible representation. Thus De*nition 1 extends the classical notion of admissibility
strictly.
Example 3. We equip the set X :=N2 ∪ (N×{∞})∪{(∞;∞)} with the T2-topology
 := {O ⊆ X | ((∞;∞) ∈ O ⇒ (∃a0 ∈ N)(∀a¿ a0)(a;∞) ∈ O) and
(∀a ∈ N)((a;∞) ∈ O ⇒ (∃b0 ∈ N)(∀b¿ b0) (a; b) ∈ O)}:
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One can easily prove for the limit operator of (X; ) that on the one hand
lim
b→∞
(a; b) = (a;∞) and lim
a→∞
(
lim
b→∞
(a; b)
)
= lim
a→∞ (a;∞) = (∞;∞) (3)
hold, but on the other hand no sequence in N2 converges to the point (∞;∞) in this
space. This fact implies that the point (∞;∞) cannot have a countable neighbourhood
base. Thus (X; ) is neither *rst- nor second-countable (countably-based).
Using the alphabet  := {0; 1}, an admissible representation  :⊆!→X of (X; )
can be de*ned by
(0!) := (∞;∞); (1a+10!) := (a;∞);
(0a+11!) := (a;∞); (1a+10b+11!) := (a; b)
and p =∈ dom() for the “other” p∈!. From (3) it follows that  is continuous. Let
" :⊆!→X be continuous. For a∈N we de*ne
X∞ := {(∞;∞)} ∪ (N× {∞}) and Xa := {(a;∞)} ∪ ({a} ×N):
Let j∈N∪{∞}. The subspace Xj of (X; ) with underlying set Xj is homeomorphic to
the euclidean subspace {0; 2−b | b∈N}. Thus, the restriction of  to all names of Xj can
be easily proven to be an admissible representation of Xj. Hence there is a continuous
function Gj :⊆!→! with "(p)= (Gj(p)) for all p∈"−1(Xj). Furthermore, every
sequence (yn)n that converges to a point in {j} × (N ∪ {∞}) is eventually in Xj. By
continuity of ", this implies that for every p∈ dom(") there is a smallest number
mp ∈N such that
(∃i ∈ N ∪ {∞})"(p¡mp!) ⊆ Xi:
We de*ne the function H :⊆!→! by dom(H) := dom(") and
H (p) := Gmin{i∈N∪{∞} |"(p¡mp!)⊆Xi}(p)
for all p∈ dom(H). Obviously H is continuous and reduces " to .
2.3. Continuous realizability versus sequential continuity
We will now show that continuous realizability with respect to admissible repre-
sentations is equivalent to sequential continuity (cf. Section 1.1). Thus, our notion of
admissibility has the property promised in Section 1, because topological continuity
implies sequential continuity (cf. [1]). Since for partial functions between countably-
based spaces topological continuity is equivalent to sequential continuity, Theorem 4
generalizes the Main Theorem in [8–10] to non countably-based topological spaces.
Theorem 4 (Generalized Main Theorem). Let Xi =(Xi; Xi) be a topological space and
i :⊆!→Xi be an admissible representation of Xi for i∈{1; : : : ; k + 1}.
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Then a function f :⊆X1 × · · · × Xk →Xk+1 is continuously realizable with respect
to 1; : : : ; k+1 if and only if f is sequentially continuous.
Proof. For the sake of simplicity, we restrict us to the case k =1.
⇐: If f is sequentially continuous, then by continuity of 1 the function " := f◦1
is sequentially continuous as well. Since the Cantor topology has a countable base,
this implies that " is continuous (cf. [1]). By universality of 2, there is a continuous
function G :⊆!→! with "= 2 ◦ G. Obviously G realizes f with respect to 1
and 2.
⇒: Since f is continuously realizable with respect to 1 and 2, there is a continuous
function G :⊆!→! with f ◦ 1 = 2 ◦ G.
Let x∈ dom(f) and let (yn)n be a sequence in dom(f) converging to x. Further-
more, let O∈ X2 be an open set containing f(x). Choose two symbols a = b from the
alphabet  and de*ne " :⊆!→X1 by
dom(") := {a!; anb! | n ∈ N}; "(a!) := x and "(anb!) := yn:
Then " is continuous. By universality of 1, there is a continuous function
H :⊆!→! with "= 1◦H . Since 2◦G◦H is continuous and 2◦G◦H (a!)=f(x),
there is some n0 ∈N with 2 ◦ G ◦ H (an0!)⊆O. For all n¿n0 it follows
f(yn) = f ◦ "(anb!) = f ◦ 1 ◦ H (anb!) = 2 ◦ G ◦ H (anb!) ∈ O:
Hence the sequence (f(yn))n converges to f(x) and f is sequentially continuous.
Theorem 4 suggests that sequential continuity is the adequate notion of continuity
in the *eld of computability rather than topological continuity.
Since relative computability implies continuous realizability, we obtain the following
version of the thesis that every computable function is continuous.
Corollary 5. Computability with respect to admissible representations implies sequen-
tial continuity.
2.4. The 7nal topology of admissible representations
We will now investigate the *nal topology of an admissible representation. For this
purpose, we need the following operator seq which maps a topological space X to a
sequential space seq(X) which has the same convergent sequences as X.
A subset O of a topological space X=(X; X) is said to be sequentially open if
and only if every sequence that converges to an element of O is eventually in O.
Every open subset is sequentially open. The space X is called sequential if and only
if conversely all sequentially open subsets are open. Every countably-based space is a
sequential space; a function with a sequential domain is continuous if and only if it is
sequentially continuous (cf. [1]). The family seq(X) of all sequentially open subsets
of X is a topology on X . We denote the corresponding topological space (X; seq(X))
by seq(X).
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The following lemma about the space seq(X) can be easily proven.
Lemma 6. For a topological space X=(X; X) the following statements hold:
(1) Let (yn)n be a sequence in X and x∈X . Then (yn)n converges to x in the space
X if and only if (yn)n converges to x in the space seq(X).
(2) The space seq(X) is sequential; i.e. seq(seq(X))= seq(X).
Now we characterize the *nal topology of an admissible representation.
Theorem 7 (The *nal topology of an admissible representation). Let  :⊆!→X be
an admissible representation of a topological space X=(X; X). Then the 7nal
topology
 := {O ⊆ X | (∃U ∈ !)−1(O) = U ∩ dom()}
of  equals the family seq(X) of all sequentially open subsets of X.
Proof. seq(X)⊆ : Let O be sequentially open. Then for every p∈ −1(O) there is
some np ∈N with (p¡np!)⊆O, because otherwise for every n∈N there would be
some yn ∈ (p¡n!)\O. Since  is continuous, the sequence (yn)n would converge to
(p). But this would contradict the fact that O is sequentially open and contains (p).
For the set W := {p¡np |p∈ −1(O)} we have −1(O)=W!∩dom(). Since W!
∈ ! , this implies O∈  and seq(X)⊆ .
⊆ seq(X): Let O∈ . Then there is some W ⊆∗ with W!∩dom()= −1(O).
Let x∈O and (yn)n be a sequence converging to x in the space X. Choose two symbols
a = b from the alphabet  and de*ne " :⊆!→X by
dom(") := {a!; anb! | n∈N}; "(a!) := x and "(anb!) := yn:
Then " is continuous. By universality of , there is a continuous function G :⊆!
→! with "=  ◦ G. Since (G(a!))∈O, there is some i∈N with G(a!)¡i ∈W .
By continuity of G, there is some j∈N with G(aj!)⊆G(a!)¡i!. For all n¿j we
obtain
yn ∈ "(aj!) ⊆ (G(aj!)) ⊆ (G(a!)¡i!) ⊆ (W!) = O:
Thus the sequence (yn)n is eventually in O. Hence O is sequentially open.
If X=(X; X) is a sequential space (in particular if X has a countable base) then
by Theorem 7 and Lemma 6(2) the *nal topology of any admissible representation
of X equals the topology X of the space. On the other hand, the *nal topology of
any function with countably-based domain is sequential (cf. [1]). Thus an admissible
representation of a topological space X is a quotient mapping onto X if and only if X
is sequential.
The next lemma investigates conditions under which a representation of X is admis-
sible with respect to two di.erent topologies on X .
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Lemma 8. Let 1; 2 be two topologies on a set X .
In the following; (a)⇒ (b)⇔ (c)⇒ (d):
(a) There is a representation of X which is 1-admissible and 2-admissible.
(b) seq(1) equals seq(2).
(c) A sequence (yn)n converges in the space (X; 1) to a point x∈X if and only if
(yn)n converges in the space (X; 2) to x.
(d) Every representation  :⊆!→X is 1-admissible if and only if it is 2-admissible.
Proof. (a) ⇒ (b): Theorem 7 implies seq(1)= seq(2).
(b)⇔ (c): Both implications follow from Lemma 6(1).
(c) ⇒ (d): Since the Cantor topology has a countable base, every function de*ned
on a subset of ! is continuous if and only if it is sequentially continuous. Thus, by
(c), every function " :⊆!→X is continuous with respect to ! and 1 if and only
if it is continuous with respect to ! and 2. This implies (d).
3. Characterization of the topological spaces with admissible representations
In this section, we characterize the class AR of those topological spaces that have
admissible representations. First, we de*ne the pseudobases of a topological space.
Then we prove that a topological space has an admissible representation if and only if
it is a T0-space with a countable pseudobase.
3.1. Pseudobases
Let X=(X; X) be a topological space, and let B be a family of subsets of X . Then
we call B a pseudobase of X i. for every open set O∈ X, every x∈O and every
sequence (yn)n that converges to x there is a pseudobase-element B∈B and some
n0 ∈N with
{x} ∪ {yn | n¿ n0} ⊆ B ⊆ O: (4)
B is said to be a pseudosubbase of X i. the family
B∩ := {B0 ∩ · · · ∩ Bk | k ∈ N and {B0; : : : ; Bk} ⊆ B}
of all *nite intersections of sets in B is a pseudobase of X.
Every base of the space X is a pseudobase of X. Conversely, every pseudobase
which contains only open sets is a base of X. Every superset of a pseudobase is a
pseudobase as well. Thus a family B⊆ 2X may be a pseudobase for several topologies
on X : the powerset 2X of X is for example a pseudobase for all topologies on X .
One can easily prove the following technical lemma.
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Lemma 9. Let X=(X; X) be a topological space with subbase 2 S; and let B be a
family of subsets of X . Then B is a pseudosubbase of X if and only if for every set
S ∈S and every sequence (yn)n converging to a point x∈ S there are some k; n0 ∈N
and some sets B0; : : : ; Bk ∈B such that
{x} ∪ {yn | n¿ n0} ⊆ B0 ∩ · · · ∩ Bk ⊆ S:
Proof. Omitted.
By Lemma 6, every pseudobase of the space seq(X) is as well a pseudobase of
X, because open sets are sequentially open. For the converse we obtain the following
lemma.
Lemma 10. Every countable pseudosubbase B of a space X is a pseudosubbase of
the space seq(X).
Proof. Let O be sequentially open and let (yn)n be a sequence that converges in the
space seq(X) to a point x∈O. By Lemma 6, (yn)n converges to x as well in the
space X. There is a function / : N→B such that
{/(j) | j ∈ N} = {B ∈ B | x ∈ B and (∃n0)(∀n¿ n0)yn ∈ B}:
Assume that for every n∈N there is some zn ∈
⋂n
i=0 /(i) with zn =∈O. Since B is a
pseudosubbase of X, for every open set U ∈ X containing x there is some m∈N with⋂m
i=0 /(i)⊆U . This implies that (zn)n converges to x in X. Since O is sequentially
open, the sequence (zn)n is eventually in O. This contradicts the de*nition of (zn)n.
Hence
⋂n
i=0 /(i)⊆O for some n∈N. We conclude that B is pseudosubbase of
seq(X).
3.2. Countable pseudobases versus admissible representations
Now, we characterize the topological spaces with admissible representations. Count-
able pseudobases play an important role.
First, we show that every space with an admissible representation has a countable
pseudobase.
Lemma 11. Let  :⊆!→X be an admissible representation of a space X=(X; X).
Then the family {(w!) |w∈∗} is a countable pseudobase of X.
Proof. Let O be open and let (yn)n be a sequence that converges to an element x∈O.
Choose two symbols a = b from the alphabet  and de*ne " :⊆!→X by
dom(") := {a!; anb! | n ∈ N}; "(a!) := x and "(anb!) := yn:
2 I.e. {S0 ∩ · · · ∩ Sk | k ∈N and {S0; : : : ; Sk}⊆S} is a base of X.
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Then " is continuous. By universality of , there is a continuous function G :⊆!→
! with "= ◦G. By continuity of  and G, there are some i; j∈N with (G(a!)¡i!)
⊆O and G(aj!)⊆G(a!)¡i!. It is easy to see that the word w := G(a!)¡i satis*es
{x} ∪ {yn | n¿ j} ⊆ (w!) ⊆ O:
Now we construct an admissible representation X;& of a T0-space X=(X; X) starting
from a numbering 3 & : N→B of a countable pseudobase B of X. As the alphabet
for the representation, we use Z and de*ne X; & :⊆Z!→X by
X;&(p) = x :⇔
{
range(p) ∩N ⊆ {n ∈ N | x ∈ &n} and
(∀O ∈ X; x ∈ O)(∃n ∈ range(p)) &n ⊆ O
(5)
for all p∈Z! and x∈X , where range(p)= {p(j) | j∈N}. Thus a X; &-name p of
a point x lists “suNciently many” pseudobase elements that contain x. Note that in
general X; & would not become an admissible representation of X, if we demanded
of all names of x to list all pseudobase elements containing x, because pseudobase
elements are not necessarily sequentially open.
Theorem 12 (Construction of an admissible representation). Let X=(X; X) be a T0-
space; and let & :N→B be a numbering of a pseudobase B of X.
Then the function X; & from (5) is well-de7ned and is an admissible representation
of the space X.
Proof. Unambiguity: Let x =y be points of X and let p∈Z!. By the T0-property,
there is an open set O which contains exactly one of both points, w.l.o.g. assume
x∈O and y =∈O. If (p; x) satis*es the right hand side of (5), then there is some j∈N
with x∈ &p( j)⊆O. Since y =∈ &p( j), the sequence p cannot be a X; &-name for y.
Surjectivity: Every p∈Z! with range(p)= {n∈N | x∈ &n} is a X; &-name of x∈X ,
because B is a pseudobase of X.
Continuity: Let O be open and let p∈ −1X; &(O). Then there is some j∈N with
&p( j)⊆O. Equivalence (5) implies X; &(p¡j+1Z!)⊆ &p( j)⊆O. Hence X; & is
continuous.
Universality: Let " :⊆Z!→X be continuous. Let p∈dom("), x :="(p) and O be
an open set containing x. We show that there is a pair (i; n)∈N2 such that
"(p¡nZ!) ⊆ &i ⊆ O: (6)
Assume that no pair (i; n) satis*es (6). Then for every m∈N there is some 4
ym ∈ "(p¡mZ!) such that ym =∈ &m−√m2 if &m−√m2 ⊆ O:
3 I.e. & is surjective.
4 
a := max{z∈Z | z6a} for a∈R.
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Since " is continuous, the sequence (ym)m converges to x. Thus there are some
j; m0 ∈N with {x}∪ {ym |m¿m0}⊆ &j ⊆O, because B is a pseudobase of X. But
for m := (m0 + j)2 + j we have chosen ym from X \&j. This yields the contradiction.
We de*ne the function G :Z!→Z! for every q∈Z! and m∈N by
G(q)(m) :=
{
m− √m2 if "(q¡mZ!) ⊆ &m−√m2 ;
−1 else:
Then G is continuous, because for every m∈N the mth digit of the result (i.e. G(q)(m))
only depends on a 7nite pre*x of the argument q (namely on q¡m). For all p∈dom(")
we have
range(G(p)) ∩N= {i ∈ N | (∃n ∈ N)"(p¡n!) ⊆ &i}
⊆ {i ∈ N |"(p) ∈ &i}:
By (6), this implies X; &(G(p))="(p) for every p∈dom("). Hence X; & has the
universal property.
By encoding the elements p∈Z! by sequences over {a; b} in an appropriate way,
we can construct from X; & an admissible representation of X over every alphabet
containing the two symbols a, b.
From Lemma 11 and Theorem 12 we obtain the following characterization of the
class of spaces having an admissible representation.
Theorem 13 (Characterization Theorem). A topological space X=(X; X) has an ad-
missible representation if and only if X is a T0-space with a countable pseudobase.
Proof. It remains to show that X is a T0-space, if there is an admissible representation
 :⊆!→X of X. Assume that there are points x =y in X that are contained in the
same open sets of X. For every subset A⊆! we de*ne "A :!→X by
"A(p) :=
{
x if p ∈ A;
y else:
Since "−1A (O) equals either 
! or ∅ for every open set O, "A is continuous. Thus there
is a continuous function GA :!→! with "A =  ◦ GA. For all B =A the function
GB does not equal GA. This implies that the cardinality of the set F of all total
continuous functions f :!→! is at least card(2!). This contradicts the existence
of a representation of F (cf. [10, 7]) which implies card(F)6card(!).
Hence X is a T0-space.
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4. Closure properties
In this section, we investigate some operators on topological spaces which preserve
the existence of a countable pseudobase or the existence of an admissible representation.
4.1. Subspaces
Let (X; X) be a topological space with a countable pseudobase B. For every ∅ =M ⊆
X the family {B∩M |B∈B} is a pseudobase of the subspace (M; {O∩M |O∈ X}),
because convergence of a sequence in a subspace implies convergence of that sequence
in the superspace. Thus by Theorem 13 every subspace of a topological space with an
admissible representation  has also an admissible representation. It can be obtained
by restricting  to all names of points of the subspace.
4.2. Weak topologies
Let X be a set. For every i∈N let Yi =(Yi; Yi) be a topological space and hi :X →Yi
be a function. We de*ne (hi)i to be the topology on X which is induced by the subbase
S(hi)i := {h−1i (O) | i ∈ N and O ∈ yi}:
The topology (hi)i is called the weak topology on X generated by the sequence (hi)i∈N.
It is the coarsest topology  on X such that for all i∈N the function hi is continuous
with respect to  and Yi (cf. [1]).
If all the spaces Yi have countable pseudobases then also (X; (hi)i) is equipped with
a countable pseudobase.
Theorem 14. Let X be set. For i∈N let Bi be a countable pseudosubbase of the
topological space Yi=(Yi; Yi) and let hi :X →Yi be a function. Then the family
D := {h−1i (B) | i ∈ N and B ∈ Bi}
is a countable pseudosubbase of the space (X; (hi)i).
Proof. Straightforwardly by using Lemma 9 and the fact that hn is continuous with
respect to (hi)i and Yn for every n∈N.
Let i :⊆!→Yi be an admissible representation of the space Yi for every i∈N.
Furthermore, let (X; (hi)i) be a T0-space. Then (X; (hi)i) has an admissible representation
by Theorems 13 and 14. Directly, an admissible representation  :⊆!→X of this
space can be constructed by
(p) = x :⇔ (∀i ∈ N)i(5(∞)i (p)) = hi(x);
where 5(∞)i :
!→! is de*ned by 5(∞)i (p)(j) :=p(j +
∑i+j
6=0 6).
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4.3. Cartesian product
Let Xi =(Xi; Xi) be a topological space for every i∈N. The Tychono; topology⊗
i∈N Xi on the cartesian product X :=
∏
i∈N Xi, which induced by the subbase
{X0 × · · · × Xi−1 × Oi × Xi+1 × Xi+2 × · · · | i ∈ N and Oi ∈ Xi};
equals the weak topology generated by the sequence of the projections. Since
⊗
i∈N Xi
is a T0-topology if all the topologies Xi are, we obtain by Theorems 13 and 14 that the
Tychono. product preserves the existence of a countable pseudobase and the existence
of an admissible representation. The same property is satis*ed by the sequential product
(
∏
i∈N Xi; seq(
⊗
i∈N Xi)) (cf. Lemmas 8 and 10), by the *nite Tychono. product and
by the *nite sequential product. If i :⊆!→Xi is an admissible representation of the
space Xi for i∈{1; : : : ; k} then the representation [1; : : : ; k ] :⊆!→
∏k
i=1 Xi which
is de*ned by
[1; : : : ; k ](p) := (1(5
(k)
1 (p)); : : : ; k(5
(k)
k (p)));
where 5(k)i (p)(j) :=p(j · k + i− 1), can be proven to be an admissible representation
of the *nite Tychono. product (
∏k
i=1 Xi;
⊗k
i=1 Xi).
4.4. Exponentiation
Let X=(X; X) and Y=(Y; Y) be topological spaces. By C(X;Y) we denote the
set of all total sequentially continuous functions from X to Y. Since continuity implies
sequential continuity, C(X;Y) contains all continuous functions f :X →Y . If X is a
sequential space then C(X;Y) equals the set of all continuous functions f :X →Y .
We say that a sequence (gn)n of functions in C(X;Y) converges continuously to a
function f∈C(X;Y) i. for each x∈X and each sequence (ym)m that converges in X
to x the sequence (gn(yn))n converges to f(x). In this case, we write (gn)nVc f.
For all A⊆X and B⊆Y let
F(A; B) := {f ∈ C(X;Y) |f(A) ⊆ B}:
We de*ne X→Y to be the topology on C(X;Y) which is induced by the subbase
SX→Y := {F({x; ym |m ∈ N}; O) | (ym)m converges to x in X; O ∈ Y}:
By C(X;Y) we denote the corresponding sequential space (C(X;Y); seq(X→Y)) (cf.
Section 2.4).
The limit relations of C(X;Y) and of (C(X;Y); X→Y) turn out to equal Vc . We
only show:
Lemma 15. If the sequence (gn)n converges to f in the topological space (C(X;Y);
X→Y); then it converges continuously to f; i.e. (gn)n Vc f.
Proof. Let (gn)n converge to f in the space (C(X;Y); X→Y). Let (ym)m be a sequence
that converges in X to some x∈X . Let O be an open set containing f(x). Since f
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is sequentially continuous, there is some m0 ∈N with f(ym)∈O for all m¿m0, thus
f∈ S :=F({x; ym |m¿m0}; O). Since S ∈ X→Y, there is some n0 ∈N with gn ∈ S
for all n¿n0. Thus gn(yn)∈O for all n¿max{n0; m0}. This implies that (gn(yn))n
converges to f(x). Hence (gn)n Vc f.
With the help of Lemma 15 we can prove that the function space operator C preserves
the property of having a countable pseudobase and the one of having an admissible
representation.
Theorem 16. Let X=(X; X) and Y=(Y; Y) be topological spaces with countable
pseudosubbases BX and BY; respectively. Then the family
D := {F(A0 ∩ · · · ∩ Ak; B) | k ∈ N; {A0; : : : ; Ak}⊆BX; B ∈ BY}
is a countable pseudosubbase of both spaces C (X;Y) and (C(X;Y); X→Y).
Proof. We apply Lemma 9. Let S ∈SX→Y. Then there is a point x∈X , a sequence
(ym)m converging to x and an open set O∈ Y with S =F({x; ym |m∈N}; O). Fur-
thermore, let f∈ S and (gn)n be a sequence that converges to f in the space (C(X;Y);
X→Y). De*ne (hn)n by h2n := gn and h2n+1 :=f. By Lemma 15 we conclude (hn)nVc f.
There are sequences of sets /0; /1; : : : and &0; &1; : : : with
{/0; /1; : : :} = {A ∈ BX| x ∈ A and (∃m0)(∀m¿ m0)ym ∈ A}
and
{&0; &1; : : :}= {B0 ∩ · · · ∩ Bl | l ∈ N; B0; : : : ; Bl ∈ BY;
f(x) ∈ B0 ∩ · · · ∩ Bl ⊆ O}:
Assume that for every (i; j; k)∈N3 there is some n¿k with hn(/0 ∩ · · · ∩ /i)* &j.
Then we can de*ne ’ :N∪{−1}→N∪{−1} recursively by ’(−1) := − 1 and
’(m) := min{n ¿ ’(m− 1) | hn(/0 ∩ · · · ∩ /m)* &m−√m2}:
Then ’ is strictly increasing. For every m∈N there is some
zm ∈ /0 ∩ · · · ∩ /m with h’(m)(zm) =∈ &m−√m2 :
Since BX is a pseudosubbase of X, for every neighbourhood U of x there is some
mU ∈N with /0 ∩ · · · ∩ /mU ⊆U . This implies that (zm)m converges to x. Thus the
sequence (h’(m)(zm))m converges to f(x), because (h’(m))m Vc f by Lemma 15. Since
BY is a pseudosubbase of Y, there are j; m1 ∈N with
{h’(m)(zm) |m¿ m1} ⊆ &j ⊆ O:
But for m2 := (m1 + j)2 + j this contradicts h’(m2)(zm2 ) =∈ &m2−√m22 = &j.
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Hence there are i; j; k ∈N such that hn(/0 ∩ · · · ∩ /i)⊆ &j holds for all n¿k. There
are l∈N and sets B0; : : : ; Bl ∈BY with &j =B0 ∩ · · · ∩Bl. Furthermore, there is some
m0 ∈N with {ym |m¿m0}⊆ /0 ∩ · · · ∩ /i. We obtain
{f} ∪ {gn | n¿ k} ⊆
l⋂
t=0
F(/0 ∩ · · · ∩ /i; Bt) ⊆F({x; ym |m¿ m0}; O):
Let m∈{0; : : : ; m0}. Since the constant sequence (ym)6 converges to ym and f(ym)∈O,
we can prove in the same way as above that there are numbers im; km; lm, sets Am;0; : : : ;
Am; im ∈BX and sets Bm;0; : : : ; Bm; lm ∈BY with ym ∈Am;0 ∩ · · · ∩Am; im and
{f} ∪ {gn | n¿ km} ⊆
lm⋂
t=0
F(Am;0 ∩ · · · ∩ Am;im ; Bm;t) ⊆F({ym}; O):
For n0 := max{k; k0; : : : ; km0} we obtain
{f} ∪ {gn | n¿ n0}
⊆
l⋂
t=0
F(/0 ∩ · · · ∩ /i; Bt) ∩
m0⋂
m=0
lm⋂
t=0
F(Am;0 ∩ · · · ∩ Am;im ; Bm;t)
⊆F({x; ym |m¿ m0}; O) ∩
m0⋂
m=0
F({ym}; O) = S:
We conclude by Lemma 9 that D is a pseudosubbase of the function space (C(X;Y);
X→Y). Lemma 10 implies that D is also a pseudosubbase of C(X;Y).
If X is additionally a Hausdor.-space, D from Theorem 16 can be proven to be a
pseudosubbase as well for the compact-open topology on C(X;Y).
Let X :⊆!→X and Y :⊆!→Y be admissible representations of X and Y,
respectively. Then C(X;Y) is a T0-space and has an admissible representation by
Theorems 13 and 16. Let <!! be the representation from [10] 5 of the set F!! of
all continuous functions  :⊆!→! having a G-domain. We de*ne the function
[X→ Y] :⊆
!→C(X;Y) by
[X → Y](p) = f :⇔ <!!(p) realizes the function f w:r:t: X and Y:
[X→ Y] is surjective by Theorem 4 and by the fact that every partial continuous
function on ! can be extended to a function contained in F!!. [X → Y] can be
proven to be an admissible representation of the space C(X;Y). If X is a Hausdor.-
space then [X→ Y] is also admissible with respect to the compact-open topology on
C(X;Y).
5 In [4] such a representation for the case =N is denoted by  ˜ and in [7] by  .
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For sequential spaces X=(X; X) and Y=(Y; Y) the function space C(X;Y) and
the sequential product (X × Y; seq(X⊗ Y)) have the following interesting properties:
(a) The projections pr1:X × Y →X and pr2:X × Y →Y are sequentially continuous
with respect to seq(X⊗ Y) and X or Y.
(b) The evaluation function eval :C(X;Y) × X →Y , which is de*ned by eval(f; x)
:=f(x), is sequentially continuous with respect to seq(X⊗ Y), X and Y.
(c) For every sequential space Z=(Z; Z) the sequential continuity of any func-
tion h :Z × X →Y implies that the function ?(h) :Z→C(X;Y), which is de-
*ned by ?(h)(z)(x) := h(z; x), is sequentially continuous with respect to Z and
seq(X⊗ Y).
This means that the class of sequential spaces is cartesian-closed. By Section 4.3,
Theorems 13 and 16 the subclass CPS of those sequential spaces that have a countable
pseudobase and the subclass ARS of those sequential spaces that have an admissible
representation are cartesian-closed as well.
4.5. Inductive limit spaces
The inductive limit operator is a further operator besides exponentiation which in
general maps countably-based spaces to non countably-based ones.
Let (Xl)l =((Xl; Xl))l be a sequence of topological spaces such that Xl is a subspace
of Xl+1 for every l∈N. Then we de*ne the inductive limit of (Xl)l by
Lim
→
(Xl)l :=
(⋃
l∈N
Xl; Lim→
(Xl)l
)
;
where
Lim
→
(Xl)l :=
{
O ⊆
⋃
l∈N
Xl
∣∣∣∣∣ (∀l ∈ N)O ∩ Xl ∈ Xl
}
:
Obviously Lim
→
(Xl)l is a topology on
⋃
l∈N Xl.
The following example shows that the inductive limit operator does not preserve the
existence of a countable base.
Example 17. Consider the non countably-based space (X; ) from Example 3. For l∈N
de*ne Xl as the countably-based subspace of (X; ) with the underlying set
Xl := {(∞;∞)} ∪ (N× {∞}) ∪ {(a; b) | a ¡ l and b ∈ N}:
Then (X; ) is the inductive limit of (Xl)l, i.e. (X; )= Lim→
(Xl)l.
Another example is the space of “test functions” equipped with the “natural topology”
from which the space of “distributions” is derived. Distributions play an important role
in the *eld of partial di.erential equations.
The following lemma states some basic properties of the inductive limit operator.
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Lemma 18. Let X=(X; X) be the inductive limit of the increasing sequence (Xl)l.
Then we have
(1) For every l∈N the space Xl is a subspace of X.
(2) If all the spaces Xl are sequential; then X is a sequential space.
(3) If all the spaces Xl are T1-spaces; then for every x∈X and every sequence (yn)n
that converges in X to x there is some l∈N with {x}∪ {y0; y1; : : :}⊆Xl.
Proof. (1) Let l∈N. We have to show Xl = {V ∩Xl |V ∈ X}.
⊇ follows directly from the de*nition of the operator Lim
→
.
⊆: Let U ∈ Xl . We de*ne recursively a sequence (Oi)i of sets with Oi ∈ Xi and
Oj =Oi ∩Xj for all i ¿ j:
i6l: Since Xi is a subspace of Xl, the set Oi :=U ∩Xi is open in Xi. For all j 6 i,
we have Oj =U ∩Xj =U ∩Xi ∩Xj =Oi ∩Xj.
i¿l: Since Xi−1 is a subspace of Xi, there is some set Oi ∈ Xi with Oi−1 =Oi ∩
Xi−1. For all j ¡ i we have Oj =Oi−1 ∩Xj =Oi ∩Xi−1 ∩Xj =Oi ∩Xj.
The set O :=
⋃
i∈N Oi is open in X, because for every k ∈N we have
O ∩ Xk =

⋃
j6k
Oj ∩ Xk

 ∪
(⋃
i¿k
Oi ∩ Xk
)
=
⋃
i¿k
Oi ∩ Xk = Ok ∈ Xk :
Since U =O∩Xl, we obtain U ∈{V ∩Xl |V ∈ X}.
(2) Let O be sequentially open in X and let l∈N. By (1), the convergence of a
sequence in the space Xl implies its convergence in the space X. Thus every sequence
from Xl which converges in Xl to a point in O∩Xl is eventually in O∩Xl. This means
that O∩Xl is sequentially open in Xl. Since Xl is sequential, the set O∩Xl is open
in Xl. Hence O is open in X and X is sequential.
(3) Let (yn)n be a sequence which converges in X to a point x∈X .
Assume that for every (k; l)∈N2 there are some n ¿ k with yn =∈Xl ∪{x}. Then
we can de*ne ’ : N∪{−1}→N∪{−1} recursively by ’(−1) :=−1 and
’(i) := min{n ¿ ’(i − 1) |yn =∈ Xi ∪ {x}}:
Consider the set O :=X \{y’(i) | i∈N}. For every i∈N we have
O ∩ Xi = Xi\{y’(0); : : : ; y’(i)}
which implies that the set O∩Xi is open in Xi, because in T1-spaces *nite sets are
closed. Therefore O is an open neighbourhood of x in the space X. Since (y’(i))i
converges to x, the sequence (y’(i))i is eventually in O. This contradicts the fact that
O contains no element of this sequence. Thus there are some k0; l0 ∈N with {yn | n¿
k0}∈Xl0 ∪{x}. Since Xi is a subset of Xi+1 for every i∈N, this implies that there is
some l∈N with {x}∪ {yn | n∈N}⊆Xl.
Now, we can prove that the inductive limit of an “increasing” sequence of T1-spaces
inherits the property of having an admissible representation.
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Theorem 19. Let (Xl)l =((Xl; Xl))l be a sequence of T1-spaces such that for every
l∈N the space Xl is a subspace of Xl+1 and has an admissible representation l :⊆!
→Xl.
Then the inductive limit Lim
→
(Xl)l has an admissible representation.
Proof. Let X=(X; X) be the inductive limit of (Xl)l.
Choose two symbols a = b from  and de*ne  :⊆!→X by
(anbp) := n(p)
for all n∈N and p∈ dom(n) and by q =∈ dom() for the “other” q∈!. Since for
every l∈N the representation l is continuous and Xl is subspace of X by Lemma 18,
 is continuous.
Now let " :⊆!→X be continuous. For every p∈ dom("), there is a smallest
number np ∈N satisfying
"(p¡np!) ⊆ Xnp ; (7)
because otherwise we could construct a sequence (yn)n which by the continuity of
" converges to "(p), but is not contained in Xl for any l∈N and thus contradicts
Lemma 18.
Let l∈N. Since the function "l :⊆!→Xl de*ned by "l(p) :="(p) for p∈
"−1(Xl) is continuous by Lemma 18 and l is Xl -admissible, there is some continu-
ous function Gl :⊆!→! with "l = l◦Gl. We de*ne H :⊆!→! by dom(H) :=
dom(") and
H (p) := anpbGnp(p)
for p∈ dom(H). By (7), H is continuous. Obviously H reduces " to .
5. Conclusion
The extended notion of admissibility enables to represent a wide class of important
topological spaces by universal representations and thus to handle these spaces in the
framework of TTE in an appropriate way. The class AR of spaces equipped with an
admissible (i.e. universal) representation contains also non countably-based spaces and
has nice closure properties. In particular, AR is closed under exponentiation, i.e. TTE
can be applied to compute on functions spaces. The class AR can be characterized in
an elegant way by means of the purely topological concept of pseudobases. Countable
pseudobases yield a countable access to the corresponding topological space X. This
of course is necessary for establishing a realistic computational model on X.
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